POLICIES AND VALUE FUNCTIONS



PROBLEM FORMULATION

OVERVIEW

An MDP describes the problem space.
® How the agent interacts with a world, i.e., state and action spaces
® How the world evolves, i.e., transition dynamics

® How the agent is evaluated, i.e., reward function, ¥

What is the space of solutions?
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PROBLEM FORMULATION

SOLUTION SPACE

The search space of solutions for an MDP is the different ways an agent can select an action in
each state.

We call the mechanism an agent uses to select actions a policy .

7:8 XA — [0,1]
Describes a conditional probability distribution over action in each state.

n(al|s) =Pr(A, =alS, =s)
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PROBLEM FORMULATION

SOLUTION SPACE

A policy is, in general, stochastic z(a | s) = Pr(A, = a| §, = s)
Can be deterministic z(a |s) = 1.0, Va' # a, =n(a’|s) =0

Special notation 7: & — , a = z(s)
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POLICIES AND TIME

STATIONARY VS NONSTATIONARY

Let 7z, be the policy the agent uses at time ¢
A sequence of policies ), 7y, ..., 7T, ... Is stationary if
V(a,s), Vi,t" Pr(A,=alS,=s) =Pr(A, =alS, = s)
Otherwise, the sequence of policies is nonstationary
® The agent will change its policy as it learns

® ltis challenging to reason about a changing policy

Instead, we will reason about how good one particular policy 7 is, assuming we won’t change it
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HOW GOOD IS A POLICY

VALUE FUNCTIONS

The value (quality) of a policy 7 in a state s is given by the state value function

vjz'(S) = _[Gt‘St = 5]

A,R._1,5.1,A,.1,... al dependon z
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RANDOM VARIABLES AND POLICIES

DEFINING A,

A, is the random variable for an action sampled from a policy x
What if we use a policy 7'? Define a new random variable.
At’ is the random variable for an action sampled from a policy 7’
Pr(S, = ), Pr(R, = r)? All depend on A,
S, R; are the states and rewards observed after taking action A,_, in state S,_,

p'(s,ris,a) =Pr(S,=s"R/ =r|S,_; =s,A_| =a)
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RANDOM VARIABLES AND POLICIES

DEFINING A,

o0
) kD
G; = Z Y Ry 1k
k=0

v As) = E[G/| S, = s]

T — represents a variable so we can represent specific policies with one notation
Let 77, and 7, be two specific policies.

vﬂl(s) =v_(s) for # = 7; and vﬂz(s) = v_(s) forr = m,

Ve, () = v, (s) = E[G, | S = s] = E[G/| S} = 5]
need to consider different probabilities for each policy when comparing them

Scott Jordan 2024-01-26 10



RANDOM VARIABLES AND POLICIES

DEFINING A,

v (s) = E[G,|S, = s] — book, and this class

v.(s) =[E_[G,|S, =s] — Coursera, and many papers

Explicit, but not necessary sense A, is defined to come from 7




HOW GOOD IS A POLICY

VALUE FUNCTIONS

The value (quality) of a policy 7 in a state s is given by the state value function

vjz'(S) = _[Gt‘St = 5]

The value of taking an action a in state s and then selecting actions according to  is given by
the action value function

qﬂ(s, Cl) = _[Gt‘St — S,At — Cl]
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HOW GOOD IS A POLICY

VALUE FUNCTIONS

v_(s) says how good 7 is at making decisions in state s and the states that come after
q.(s,a) Use reason about how good one action is versus another when using 7z

(S, a1) > q,(s,a,)"

arg max ¢,(s, a) — find best action(s) in the state and under the current policy
a
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HOW GOOD IS A POLICY

VALUE FUNCTIONS

Express v_in terms of g .
v(s) = E[G,|S; = s]
= ZPr(At =al§; = )E[G,|S, =5,A, = a

= ) Pr(A, =alS$, = 5)q,s.a)

= ) #al$)q(s,a)



EXANMPLE

BANDIT
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EXANMPLE

BANDIT

Let Q. (1) =3, Q. (2) =2, Q,(3) = 1 be the estimates of g«(a)
Tgreedy(l | 5p) = 1.0

7. —greedy(1 [50) = (1 —€) +€/3 m,_greedy(2|50) = 7._greedy(3 | 5p) = €/3
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EXANMPLE

BANDIT

For this problem G, = R, + Y0 + y*0 + ... = R, thus
q.(Sp,a) = E[R; +y0+ ... |Sy = 59,49 =al] =E[R,|Sy = sy, Ag = a] = r(sy,a) = g«(a)

Vigreedy"0) = Z @] S0y oo (00 @) = o (S0:1) = (1)
(1= )+ %) g
— p— €
e_greedy(so) B Z ﬂ(a‘so)q” greedy(SO ) = q” greedy(so’l) — | T gq*(Z)
+ 5q+(3)
vﬂgree dy(SO) >V, %_gree dy(so) ask if Tgreedy better than z._qreeqy in state s
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EXANMPLE

BANDIT - OPTIMAL POLICY

What policy (or policies) are optimal for this problem?

Let &/* = arg max g«(a)

a

n(sy) € &* any deterministic policy that chooses an action that maximizes g

Or any policy such that Z n(a | sy) = 1 only chooses optimal actions

acf*
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EXANMPLE

BANDIT - OPTIMAL POLICY

At least one deterministic optimal policy

n deterministic optimal policies if n optimal actions

Infinitely many optimal policies of n > 1
{a, a} = d* Vp € [0,1], m(a,|sy) =p, m(a,|s)) =1—p

All T, are optimal

All bandit problems can be modeled as an MDP, so these are also true for MDPs
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OPTIMAL POLICIES

DEFINITIONS

Set of all policies 11, set of all optimal policies 11

Definition #1

2> r'if Vs, v (s) > v (s) — at least as good in every state

rell.it Va'ell, > ' — atleast as good as any other policy in every state
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OPTIMAL POLICIES

DEFINITIONS

Definition #2

J(r) = E[Gy] = Z dy(s)v, (s) — policy’s quality is determined by the start state distribution

S

« = argmax J(x) — all policies that optimize the value function in the first state
T

® Only has to be optimal in states that are reachable from the starting states

® The optimal policy can be terrible in states that are not reachable from the start state
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OPTIMAL POLICIES

DEFINITIONS — EXAMPLE

Start

Goal

Scott Jordan
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OPTIMAL POLICIES

DEFINITIONS — EXAMPLE

Scott Jordan

Definition #2

Definition #1
l—> Stirt
—> Goal

Goal

+
4_1_,
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OPTIMAL POLICIES

DEFINITIONS

We will use definition #1 in the first part of this course

We will use definition #2 when we switch to function approximation
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COMPUTING VALUES FUNCTIONS

EXAMPLE

p(sy|sg,a;) = 0.7
r(So, Cll, Sl) — 1

p(Sl ‘So, az) — ()5
I”(SO, sy, Sl) = 10 P(S.,0]8,,a;) = p(s,,0]s,,a,) = 1.0

r(S,, ai, Sy,) = 1r(Sy, 4y, 5,,) =0

p(SQ ‘ 50> Clz) =k p(Soov5 | 52, az) =1.0
r(S()a aza S2) — O

r(So, Cll, S2) — 4 @

p(S2 ‘ SO, al) —_ ()3
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COMPUTING VALUES FUNCTIONS

EXAMPLE

Compute ¢, v, for s, 51, 55

Scott Jordan

p(s;|8g, a;) = 0.7 p(se |5, a)) = p(sy, | s, a,) = 1.0

r(S()a ala S]) — 1 I”(Sz, Cll,SOO) = r(sz, ay, Soo) = ()

p(sy|8g, ay) = 0.5
r(sg, ay, 51) = 10

P(Sy.d |8y, a,) = 1.0

p(S2 | So, 612) — 05
r(sg, @y, 5y) = 0

p(s,y |89, a;) = 0.3 @

r(So, al, S2) — 4 v

p(s,| sy, a;) =0.9
r(8,, Ay, $y) = 2
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COMPUTING VALUES FUNCTIONS

EXAMPLE
p(s|s,ay) =plsy|s;,a,) = 1.0
r(sy, ap, Sy,) = r(sy, ar,5,,) =0

p(S0090 | Sooa al) — p(Sooao | S009 Clz) = 10
r(Sy, Ay, Soy) = 1(8H, Ay, 5,,) = 0

QJZ'(S19 al) — ()
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COMPUTING VALUES FUNCTIONS

EXAMPLE

Q]Z'(Sl ’ al)

Scott Jordan

_[Gl“St — SZ’At — Cll]

= [ R4 1S, =s5,A,=a;] +

@ p(Soo | Slaal) = p(Soo | Sl’ az) — 10
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COMPUTING VALUES FUNCTIONS

EXAMPLE

Q]Z'(Sl ’ al)

Scott Jordan

"R 1S, =5, A,

"Ry 1S, =5, A,

"R 1S, =5, A,

=[G S, = 855, A =

a |

P | 1, a1) = P(Se | s, ay) = 1.0

r(sy, ay, o) = 1(sy,ay,5,,) =0

r(8y, Ay, Sy,) = 1(8y, Ay, 54,) = 0

o0 ’ > 700

a | + Z YRkl S, =51, A, =

2024-01-26 29



COMPUTING VALUES FUNCTIONS
O Cvesrsom

_[Gt‘St — Sz, At — al]

QJZ'(SIQ al)

’ p(soo’o | S0 al) = p(Soo,O | Ay Cl2) = 1.0

r(8y, Ay, Sy,) = 1(8y, Ay, 54,) = 0

o0

C[Riy1 15, =5,A, = a] +E Z YRkl S = 51,4, = q
k=1

o0

C[Riy 115, = 5,4, =a;] +E Z Y Revrai| Si1 = Sec
k=1

(RS, =5,A,=a]+0

V(SI, Cll, SOO) — O
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COMPUTING VALUES FUNCTIONS
O Cvesrsom

’ P(S,0 | Ss ap) = P(S0,0] 54, a) = 1.0
r(8y, Ay, Sy,) = 1(8y, Ay, 54,) = 0

QJZ'(S19 al) — Qﬂ(slaaz) — O

v.(s;)) =0 forallz

All policies are optimal in s

Scott Jordan 2024-01-26 31



COMPUTING VALUES FUNCTIONS

EXAMPLE

P(560:01 805, @) = P(550,0| 55 @2) = 1.0
r(8,, ag, So) = 1(85, ay, 5,,) = 0

Sh.r) = 1(SH. 0. 5. ) = 5
q;t( 29 2) (2’ 29 OO) p(s,5]8,,a,) = 1.0
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COMPUTING VALUES FUNCTIONS

EXAMPLE

Qﬂ(sza al) — ()

> P850 84, A1) = p(55,0] 8, @) = 1.0
7‘(S2, ala SOO) — r(Sz, az, SOO) — O

n(s,) = a,



COMPUTING VALUES FUNCTIONS

EXAMPLE

Qﬂ(sza al) — ()
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COMPUTING VALUES FUNCTIONS

EXAMPLE

P(S50,0 [ $05 @1) = P(850,0 | 5o, a7) = 1.0

7Z'(S2) = r(S,, Ay, Sy,) = 1r(Sy, @y, 5,,) =0

Agent gets a reward of 2 every step until
the episode ends

K-1 K

1=y
Gt=2yk2=21_ @
—0 /

K is a random variable for the number of \f
p(s.| sy, a;) =0.9

time steps until termination F(Sy, dy, 85) = 2

Pr(K = k) = (0.9)%=D(0.1)
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COMPUTING VALUES FUNCTIONS

EXAMPLE
) _ > P(S0,0| 8. ay) = p(5..,0|5,,a,) = 1.0
1 —y% r(sy, ay,8y) = r(s,, ay,5.) =0
E[G,|S, = s,,A, =a] = 2 =, 1S, =55, A, = q
00 ] _ }/k )
= Pr(K = k)2
; —y p(S., |85, a;) =0.1
1 k r(Sz, ala Soo) — O

I

N Nk
~
-
\O
N’
=

1
=
-
(—
N’
\®)

[S—

| I

= N

2

1 —0.9y \.f

p(s.| sy, a;) =0.9
r(s,, dy, sy) =2
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COMPUTING VALUES FUNCTIONS

EXAMPLE

For n(s,) = a,

> P850 84, A1) = p(55,0] 8, @) = 1.0
7‘(S2, ala SOO) — r(Sz, az, SOO) — O

PS5, |85, a,) = 1.0

(85, ay) =

! ( 2 1 — 097/ p(s. | sy, a;) =0.1
r(s,, dy, Sy,) =0

Qn'(S29 a2) — 5 @

V($5) = q,(s,ay) Y,



COMPUTING VALUES FUNCTIONS

EXAMPLE

P(560:01 805, @) = P(550,0| 55 @2) = 1.0
r(8,, ag, So) = 1(85, ay, 5,,) = 0

For m(s,) = a
( 2) 2 PS5, |85, a,) = 1.0

q.(s,a;) = 0.9 (r(sz, ai, Sy) + yr(s,, a,, Soo)) + 0.1(0)
= 092 +7vy5)

q.(Sy,dy) =5
V(82) = q,(85,ap) =3 @
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COMPUTING VALUES FUNCTIONS

EXAMPLE

p(soolsl’al) =p(soolsl’a2) = 1.0

qﬂ'(SO’ a) — ? p(S1 |SQ, Cll) = 0.7

r(S()a ala S]) — 1 I”(Sz, Cll,Soo) = r(sz, ay, Soo) = ()

p(Sl |S()9 az) =0.5
r(So, al,Sl) — 10

P(Sz | S0» az) — 1.5 (5.3 |85, a5) = 1.0
r(SO9 a29 S2) — O

) =0
p(s,y |89, a;) = 0.3 @

r(sg, a, s,) = 4 \f

p(SS | 525 al) =0.9
r(8,, Ay, $y) = 2
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COMPUTING VALUES FUNCTIONS

EXAMPLE

p(sy|sg,a;) = 0.7
r(So, Cll, Sl) — 1

p(Sl ‘So, az) — ()5
I”(SO, dq, Sl) = 10 P(S.,0]8,,a;) = p(s,,0]s,,a,) = 1.0

r(S,, ai, Sy,) = 1r(Sy, 4y, 5,,) =0

p(SQ ‘ 50> Clz) =k p(Soov5 | 52, az) =1.0
r(S()a aza S2) — O

r(So, Cll, S2) — 4 @
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COMPUTING VALUE FUNCTIONWS

Qn'(s()a a)

(G, | S, = s59,A, = ay]
"Ry 1 +7Giy1 15, = 80, A = ay]
“[Riy1 15, = 50, A —611]4‘7 (G118 = 80, 4; = ay]

—

Qﬂ(s()a al)

=r(Sg,d1)



COMPUTING VALUE FUNCTIONWS

Qn'(s()a a)

r(sp,ap) = E[R 115 = 50, A; = ay]

N plso.ay. (s, ap, s
S/

P(So, ay, 5)1(Sg, ay, 81) + (S, ay, $)r(Sg, g, $5)
0.7(1)+0.3(4) =1.9



COMPUTING VALUE FUNCTIONWS

Qn'(s()a a)

=[Gy 15 = 50, A = a1] = ZP(SW ap, SYE[Gyy 115, = 50, A, = ap, S = 5]

A
= ZP(SOa a, SHELG 1 |S41 = 5]
S/ - —~— i
t'=t+1

= ) p(so: a4, SHE[G,| S, = '

= Zp(so, A1, 8)V(S)
"

= p(Sy, dy, S1)V,(81) + p(Sg, Ay $7)V,(S5)



COMPUTING VALUE FUNCTIONWS

Qn'(s()a a)

(G, | S, = s59,A, = ay]
“[Ri 1 + 764115, = 50, A = ay]

r(Sp, ay) +y ZP(SOa ajy, S)v,(s)
R

Qﬂ(s()a al)

This is one version of the Bellman equation. We will finish this example and cover the bellman
equation next class.



NEXT CLASS

WHAT YOU SHOULD DO

1. Quiz due Friday night: Value Functions and Bellman Equations 1

Monday: Continuation and Bellman Equation
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